In this article, we present the existence of solutions for a higher-order coupled fractional differential equations with the Caputo fractional derivative. Our main approach is the coincidence degree theory due to Mawhin. The most interesting point is the proof of the uniqueness of the solution for the higher-order coupled fractional differential equations at resonance. We give an example to demonstrate our results.
Introduction
In this article, we study the higher-order coupled fractional differential equation Fractional differential equations have been studied extensively. It is caused both by the intensive development of the theory of fractional calculus itself and by the applications such as physics, chemistry, phenomena arising in engineering, economy and science; see e.g. [-] .
Recently, more and more authors paid attention to the boundary value problems of fractional differential equations; see [-] . In [] , the author has investigated the existence of solutions to the coupled systems of fractional differential equations at nonresonance.
Moreover, there have been many works related to the existence of solutions for boundary value problems at resonance; see [-, -, , ]. Some papers have dealt with the solutions of multipoint boundary value problems of a coupled fractional differential equations at resonance; see [, ] .
In [], Zhang et al. considered a three-point boundary value problem for a coupled system of nonlinear fractional differential equations at resonance given by
In [] , the authors discussed a two-point boundary value problem for a coupled system of fractional differential equations at resonance:
where
From the above work, we see three facts. Firstly, although the two-point boundary value problems for coupled system of fractional differential equations have been studied by some authors, to the best of our knowledge, higher-order fractional differential equations with the Caputo fractional derivative are seldom considered. Secondly, the nonlinear terms in the equations of this paper satisfy a sublinear growth condition that is weaker than the previous ones (see [, ] ), meanwhile, the present work generalizes and improves the available results (see [, ] ). Thirdly, the uniqueness of the solution is useful for many applications. As far as we know, there are few contributions to the uniqueness of a solution for fractional differential equations. The objective of this paper is to fill the gap in the relevant literature.
The rest of this paper is organized as follows. In Section , we give some necessary notations, definitions and lemmas. In Section , we study the existence of solutions of (.) and (.) by the coincidence degree theory due to Mawhin [] . Finally, an example is given to illustrate our results in Section .
Preliminaries
We present the necessary definitions and lemmas from fractional calculus theory that will be used to prove our main theorems. 
provided that the right-hand side is pointwise defined on (, ∞).
Definition . ([])
The Riemann-Liouville fractional derivative of order α >  of a continuous function f : (, ∞) → R is given by
where n - < α ≤ n, provided that the right-hand side is pointwise defined on (, ∞).
where c i ∈ R, i = , , . . . , n -.
is satisfied for continuous function f . Now let us recall some notation about the coincidence degree continuation theorem. 
Main results
In this section, we will prove the existence and uniqueness results for (.) and (.).
We use the Banach space E = C[, ] with the norm u ∞ = max ≤t≤ |u(t)|. We define a linear space X = {u (i) ∈ E : i = , , . . . , N -}. By means of the linear functional analysis theory, we can prove that X is a Banach space with the norm 
and N  : X → E is defined by
Then the problem (.) and (.) can be written by L(u, v) = N(u, v).
According to Lemma ., we get
On the other hand, suppose (x, y) satisfies the above equations. Let
Consider the linear operators Q  , Q  : E → E defined by
and so L is a Fredholm mapping of index zero.
We can define the operators P  : X → X, P  : X → X and P : (u, v) → (P  u, P  v), where
Obviously, P   = P  and P   = P  . Note that
For (x, y) ∈ Im L, we have 
are all equal to zero. Thus, we obtain
.
With similar arguments to [], we obtain the following lemma.
Lemma . K P (I -Q)N : Y → Y is completely continuous.
To obtain our main results, we need the following conditions.
(H  ) There exists a constant A >  such that for any c  ,
By the integral mean value theorem, there exist
By Lu = λNu and u ∈ dom L, we have
Furthermore, we have
Substituting t = t  into the above equation, we get
Together with |u (N-) (t  )| ≤ A, we derive that
With similar arguments, we obtain
From (.) and (.), we have
In what follows, the proof can be divided into four cases.
By (.) and (H  ), we have
According to (H  ) and the definition of (u, v) Y , we can derive v X are bounded. Therefore  is bounded.
The proof is similar to Case . Here, we omit
From (.) and (H  ), we obtain
By (H  ), we easily conclude that (u, v) Y is bounded. Therefore  is bounded.
The proof is similar to the Case . Here, we omit it. According to the above arguments, we prove that  is bounded.
By the integral mean value theorem, there exist constants
that is to say,
, i = , , in view of the first part of (H  ), one has
which contradict (.) and (.). Thus,  is bounded.
Remark . If the second part of (H  ) holds, then the set
is bounded. 
